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REMARKS ON MODULES OF THE ORTHO-SYMPLECTIC LIE
SUPERALGEBRAS
SHUN-JEN CHENG AND WEIQIANG WANG
Abstract. We examine in detail the Jacobi-Trudi characters over the ortho-
symplectic Lie superalgebras spo(2|2m+1) and spo(2n|3). We furthermore relate
them to Serganova’s notion of Euler characters.
1. Introduction
The representation theory of Lie superalgebras over C and that of modular repre-
sentations of algebraic groups share similarities in their lack of complete reducibility
and difficulties of finding irreducible characters. There has been significant progress
in representation theory of Lie superalgebras over C in recent years, thanks largely
to the works of Brundan, Serganova, and others, mostly for the so-called type
I classical Lie superalgebras in the classification of Kac [K1] and the queer Lie
superalgebras.
However, the representation theory of the Lie superalgebras spo(2n|ℓ) with n ≥ 1
and ℓ ≥ 3 (which are of type II classical in the sense of [K1]) turns out to be much
more challenging. In her fundamental paper [Ser], Serganova announced in 1998
an algorithm of finding the irreducible characters of spo(2n|ℓ). In the simplest
yet already rather nontrivial case of spo(2|3), the irreducible characters have been
calculated by Van der Jeugt [VdJ] and Germoni [Ger] using different approaches
(also see Gruson [Gru] and Santos [San] for related developments).
This Note arises from our attempt to understand Serganova’s work [Ser], by
examining mainly various aspects of the representation theory of spo(2n|3) and
spo(2|2m+ 1). The notion of Euler characters, which are alternating sums of cer-
tain sheaf cohomology groups, plays a key role in Serganova’s theory. In Section 2,
we introduce the Jacobi-Trudi characters, imitating the determinant character for-
mula for classical Lie algebras of type B,C,D (cf. e.g. [BB, BLR, CK, KT]). In
general, the Euler characters and the Jacobi-Trudi characters are only virtual spo-
characters. We show that while being different in general, the Euler characters
coincide with the Jacobi-Trudi characters for a large class of highest weights for
spo(2n|3), and hence demystify somewhat the notion of Euler characters. Also
some of our Euler character calculations look surprising in light of [Ser].
In Section 3, we determine in a number of cases when the kernel of a Lapla-
cian on a exterior tensor power of the natural module is irreducible or reducible.
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By computations, we also establish some explicit tensor product decomposition
formula for spo(2|2m+ 1)-modules.
In the case of spo(2|3), we provide and compare the explicit formulas for the
“composition factors” and the virtual dimensions of the Euler characters, Kac
characters, and the Jacobi-Trudi characters, respectively. We also write down the
composition factors of the tensor products of any irreducible spo(2|3)-module with
the natural module. We end the Note with a conjecture on a relation betwen the
Euler characters of spo(2n|2m+1) with respect to the parabolic sublagebra whose
Levi subalgebra is gl(n|m) and the Kac characters of gl(n|m). All these are treated
in Section 4.
Acknowledgment. S-J.C. is partially supported by an NSC grant of the
R.O.C. and an Academia Sinica Investigator grant. The research of W.W. is par-
tially supported by the NSA and NSF grants. We thank Ruibin Zhang for many
helpful discussions. We also gratefully acknowledge the support and hospitality of
the NCTS/Taipei Office, the National Taiwan University, the University of Sydney
and the University of Virginia.
2. The Euler and Jacobi-Trudi characters
2.1. Preliminaries. Throughout this paper we shall denote by g = g0¯ ⊕ g1¯ the
ortho-symplectic Lie superalgebra spo(2n|ℓ) for n ≥ 1 and ℓ ≥ 3, whose respective
standard Dynkin diagrams and simple roots are as follows (where we write ℓ =
2m+ 1 or 2m):
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❅
· · · · · ·
δ1 − δ2
δ2 − δ3
δn−1 − δn
δn − ǫ1
ǫ1 − ǫ2
ǫm−1 − ǫm
ǫm−1 + ǫm
© © ©
⊗
© © ©=⇒· · · · · ·
δ1 − δ2
δ2 − δ3
δn−1 − δn
δn − ǫ1
ǫ1 − ǫ2
ǫm−1 − ǫm
ǫm
Here and further we use the standard notation for the simple roots of the ortho-
symplectic Lie superalgebra, i.e. {ǫ1, . . . , ǫm, δ1, . . . , δn} denote the standard dual
basis of the standard Cartan subalgebra h equipped with a symmetric bilinear form
determined by (ǫi, ǫj) = −δij , (δi, ǫj) = 0, and (δi, δj) = δij . Recall that an odd
root α is called isotropic if (α, α) = 0. Note that spo(2n|2m)0¯ = sp(2n)⊕ so(2m)
and spo(2n|2m+ 1)0¯ = sp(2n)⊕ so(2m+ 1).
In concrete matrix form, the Lie superalgebra spo(2n|2m + 1) consists of the
(2n+ 2m+ 1)× (2n+ 2m+ 1) matrices in the following (n|n|m|m|1)-block form
g =


d e yt1 x
t
1 z
t
1
f −dt −yt −xt −zt
x x1 a b −v
t
y y1 c −a
t −ut
z z1 u v 0

 , (2.1)
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where b, c are skew-symmetric, and e, f are symmetric matrices. The remaining
a, d, x, y, x1, y1, z, z1, u, v are arbitrary matrices of respective sizes. Similarly, the
Lie superalgebra spo(2n|2m) consists of the (2n+ 2m)× (2n+ 2m) matrices that
are obtained from g of the form (2.1) with the last row and column deleted. The
natural g-module will be denoted by V .
Let λ =
∑n
i=1 aiδi +
∑m
j=1 bjǫj ∈ h
∗ with ai, bj ∈ Z. Denote by L(λ) the highest
weight irreducible g-module of highest weight λ. The following goes back to [K1].
Proposition 2.1. Let λ =
∑n
i=1 aiδi +
∑m
j=1 bjǫj be as above.
(i) Suppose that g = spo(2n|2m). Then L(λ) is finite-dimensional if and only
if a1 ≥ · · · ≥ an ≥ 0, b1 ≥ · · · bm−1 ≥ |bm|, and an < m implies that
ban+1 = · · · = bm = 0.
(ii) Suppose that g = spo(2n|2m + 1). Then L(λ) is finite-dimensional if and
only if a1 ≥ · · · ≥ an ≥ 0, b1 ≥ · · · bm−1 ≥ bm ≥ 0, and an < m implies that
ban+1 = · · · = bm = 0.
A weight λ ∈ h∗ satisfying the condition in Proposition 2.1 will be called a
dominant weight for g.
Remark 2.2. It can be seen that the set of dominant weights for spo(2n|2m+1) is
in 1-1 correspondence with the set of partitions λ with λn+1 ≤ m as follows. For
such λ let λ♯ = (λ1, . . . , λn, 〈λ
′
1 − n〉, . . . , 〈λ
′
m − n〉), where 〈ℓ〉 = ℓ, if ℓ ≥ 0, and
zero otherwise. We may regard λ♯ as the weight
∑n
i=1 λ
♯
iδi +
∑m
j=1 λ
♯
jǫj . The map
λ→ λ♯ is a bijection. Similarly the set of such partitions parameterizes the set of
spo(2n|2m)-dominant weights with bm ≥ 0.
The graded half sum of positive roots ρ is given by
ρ =
n∑
i=1
(i−m)δn−i+1 +
m∑
j=1
(m− j)ǫj , if g = spo(2n|2m),
ρ =
n∑
i=1
(i−m−
1
2
)δn−i+1 +
m∑
j=1
(m− j +
1
2
)ǫj, if g = spo(2n|2m+ 1).
Let λ ∈ h∗. The action of the center Z(g) of the universal enveloping algebra
U(g) on L(λ) defines an algebra homomorphism (called the central character) χλ :
Z(g) → C. The following was first stated in [K2], and proved in [Sv2] (also cf.
[Go]).
Proposition 2.3. Let λ, µ ∈ h∗ and let W be the Weyl group of g. We have
χλ = χµ if and only if there exists a sequence of isotropic roots α1, . . . , αl and
w ∈ W such that µ = w(λ+ρ+α1+· · ·+αl)−ρ, and (λ+ρ+α1+· · ·+αs−1, αs) = 0,
for all s = 1, . . . , l.
Recall [K1] that λ is called typical if (λ + ρ, α) 6= 0, for all isotropic root α.
Otherwise λ is called atypical.
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2.2. The Euler characters. Let p be a parabolic subalgebra of g with Levi sub-
algebra l and nilradical u. Write g = l ⊕ u ⊕ u˜. Let M be a finite-dimensional
irreducible l-module extended trivially to an irreducible p-module. A key role in
Serganova’s algorithm of finding the irreducible finite-dimensional characters of g
was played by the notion of Euler characters [Ser, (1.2)]. By definition, the Euler
characters are alternating sums of certain sheaf cohomology groups that them-
selves are finite-dimensional g-modules, and hence are in general not g-characters
but only virtual g-characters. According to [Ser], a formula for the Euler character
is given by
Ep(M) = D
∑
w∈W
(−1)l(w)w
(
eρchM∏
α∈∆1
l,+
(1 + e−α)
)
,
where chM denotes the character of an l-module M , and
D = D1/D0, D1 =
∏
α∈∆1
+
(e
α
2 + e
−α
2 ), D0 =
∏
α∈∆0
+
(e
α
2 − e
−α
2 ).
For our purpose, we take this as the definition of some distinguished virtual g-
characters. Furthermore ∆1l,+ (respectively ∆
0
l,+) denotes the set of positive odd
(respectively even) roots in l. The simple l-module of highest weight λ will be
denoted by L0(λ).
Let b be the standard Borel subalgebra of g and let h be the corresponding
Cartan subalgebra. For a finite-dimensional highest weight λ ∈ h∗ let Cλ be the
one-dimensional b-module on which h transforms by λ. We call K(λ) := Eb(Cλ)
the Kac (virtual) character (of “highest weight λ”). When λ is a typical dominant
weight, indeed K(λ) is the character of the simple g-module L(λ) [K3].
Remark 2.4. In [San, (12)] Santos defined the functor L0 that may be regarded as
a super analogue of the Bernstein-Zuckerman functor (see e.g. [KV]). If we denote
the ith derived functor by Li, then it can be shown that∑
i≥0
(−1)ichLi(Ind
g
pM) = E
p(M).
Since all the irreducible composition factors of the finite-dimensional g-module
Li(Ind
g
pM) have the same central character by [San, Proposition 4.5], it follows
that all irreducible composition factors of Ep(M) have the same central character.
Example 2.5. Consider spo(2|4) with the maximal parabolic subalgebra p ob-
tained by removing the simple root ǫ1+ ǫ2. The Levi subalgebra l is isomorphic to
l = gl(1|2). Let C be the trivial module, and let C1|2 be the natural gl(1|2)-module
of highest weight δ1. One can show that
Ep(C) = 2 [ch (C)] , Ep(C1|2) = ch
(
C
2|4
)
, Ep(L0(δ1 + ǫ1)) = chL(δ1 + ǫ1).
The factor of 2 in the formula of the first example is inconsistent with [Ser, Theorem
3.3], which in this case predicts the irreducibility of the Euler character with non-
vanishing cohomology appearing only in degree zero. Also [Ser, Proposition 3.4] in
ORTHO-SYMPLECTIC LIE SUPERALGEBRAS 5
this case further seems to imply that C should only appear with multiplicity one.
On the other hand the last two examples are consistent with [Ser] 1.
Example 2.6. Consider spo(2|6) with the maximal parabolic subalgebra p ob-
tained by removing the simple root ǫ2+ ǫ3. The Levi subalgebra l is isomorphic to
l = gl(1|3). Let C be the trivial module and let C1|3 be the standard gl(1|3)-module
of highest weight δ1. One has
Ep(C) = 2 [ch (C)] , Ep(C1|3) = 2
[
ch
(
C
2|6
)]
, Ep((S2(C1|3))) = chS2(C2|6).
2.3. The Jacobi-Trudi characters. Let λ be a partition with λn+1 ≤ m and let
k be the length of λ. We identify λ♯ with
∑n
i=1 λ
♯
iδi+
∑m
j=1 λ
♯
jǫj . The Jacobi-Trudi
character D(λ♯) is defined to be the determinant of the following matrix(
pλ∗ , pλ∗+(1k) + pλ∗−(1k), . . . , pλ∗+(k−1)(1k) + pλ∗−(k−1)(1k)
)
.
Here for a partition µ = (µ1, . . . , µk) we let µ
∗ = (µ1, µ2 − 1, . . . , µk − k + 1),
and for a k-tuple of integers a = (a1, . . . , ak), pa stands for the column vector
(pa1 , . . . , pak)
t, where paj is the character of S
aj (V ). In general the Jacobi-Trudi
character is not a g-character, but only a virtual g-character. See [BLR] for some
related discussions.
Lemma 2.7. Let λ be a partition and suppose that µ = λ′ has length ℓ. Then
D(λ♯) is equal to the determinant of the matrix(
eµ∗ − eµ∗−2(1ℓ), eµ∗+(1ℓ) − eµ∗−3(1ℓ), . . . , eµ∗+(ℓ−1)(1ℓ) − eµ∗−(ℓ+1)(1ℓ)
)
,
where for an ℓ-tuple of integers a = (a1, . . . , aℓ), ea stands for the column vector
(ea1 , . . . , eaℓ)
t, and eaj is the character of Λ
aj (V ).
Proof. Denote by |aik| the determinant of a square matrix [aik]. Recall the classical
identity (see e.g. [KT, Proposition 2.3.3])∣∣pλ∗ , pλ∗+(1k) + pλ∗−(1k), . . . , pλ∗+(k−1)(1k) + pλ∗−(k−1)(1k)∣∣ =∣∣eµ∗ − eµ∗−2(1ℓ), eµ∗+(1ℓ) − eµ∗−3(1ℓ), . . . , eµ∗+(ℓ−1)(1ℓ) − eµ∗−(ℓ+1)(1ℓ)∣∣ ,
where pt and et, t ∈ Z+, are the complete symmetric and elementary symmet-
ric functions in the variables y1, y2, · · · , respectively. We regard this identity as a
symmetric function identity in the variables y2n+1, y2n+2, · · · and apply the involu-
tion that interchanges the complete and the elementary symmetric functions (see
e.g. [Mac]). Now in the resulting identity we set y2n+2m+1 = y2n+2m+2 = · · · = 0
in the case of spo(2n|2m), and 1 − y2n+2m+1 = y2n+2m+2 = y2n+2m+3 = · · · = 0
in the case of spo(2n|2m + 1). Next we set y−1j = yn+j, for j = 1, 2, · · · , n,
and y−12n+j = y2n+m+j, j = 1, . . . , m. Finally, setting e
δi = yi, and e
ǫj = y2m+j ,
i = 1, . . . , n, and j = 1, . . . , m we obtain the desired identity. 
1In a private e-mail communication Serganova has informed us that she was aware of these
inconsistencies. We were further told that she has found methods to amend these problems. We
thank her for kindly sharing this information with us.
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2.4. Euler versus Jacobi-Trudi characters. Define
ϕ0(z) =
n∏
k=1
(1− ukz)(1 − u
−1
k z),
ϕ1(z) = (1 + yz)(1 + y
−1z)(1 + z).
Note we have the following interpretation
ϕ1(z)
ϕ0(z)
=
∑
l
ch(Sl(C2n|3))zl. (2.2)
Lemma 2.8. The following identities hold:
∏
i
ϕ0(zi) ·
∣∣∣∣ 1(1− ziuk)(1− ziu−1k )
∣∣∣∣ (2.3)
=
∏
i
zn−1i
∣∣un−1 + u−n+1, un−2 + u−n+2, . . . , 1∣∣ ∣∣1, z−1 + z, , . . . , zn−1 + z−n+1∣∣,
|un −u−n, un−1 − u−n+1, . . . , u− u−1
∣∣ (2.4)
=
∏
i
(ui − u
−1
i )
∣∣un−1 + u−n+1, un−2 + u−n+2, . . . , 1∣∣ ,
|z−1 −z, . . . , z−n − zn
∣∣ (2.5)
= (z−1n − zn)
n−1∏
i=1
z−1i (1− zizn)(1− ziz
−1
n )
∣∣z − z−1, . . . , zn−1 − z−n+1∣∣ ,
∑
l≥0
(ul+
1
2 − u−l−
1
2 )zl−1 = (1 + z−1)(u
1
2 − u−
1
2 )
1
(1− uz)(1− u−1z)
. (2.6)
Proof. Recall Cauchy’s formula (cf. [Wey])
∏
i,k
(xi − yk) ·
∣∣∣∣ 1xi − yk
∣∣∣∣ = ∣∣1, x, . . . , xn−1∣∣ · ∣∣1, y, . . . , yn−1∣∣ ,
where xj (0 ≤ j ≤ n − 1) denotes the column vector (xj1, . . . , x
j
n)
t and so on;
similar notations apply below. Putting xi = zi − z
−1
i and yk = uk − u
−1
k in the
Cauchy’s formula gives us (2.3). The identity (2.4) is obtained by taking out the
common factors (ui − u
−1
i ) of the determinant on its left-hand side, and applying
elementary column operations. The identity (2.5) is proved by using twice the
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Weyl denominator formula for sp(2n):∣∣z−1 − z, . . . , z−n − zn∣∣ = (−1)n ∣∣z − z−1, . . . , zn − z−n∣∣
= (−1)n
∏
1≤i<j≤n
(zj + z
−1
j − zi − z
−1
i )
∏
1≤i≤n
(zi − z
−1
i )
= (z−1n − zn)
n−1∏
i=1
(zi + z
−1
i − zn − z
−1
n )
∣∣z − z−1, . . . , zn−1 − z−n+1∣∣
= (z−1n − zn)
n−1∏
i=1
z−1i (1− zizn)(1− ziz
−1
n )
∣∣z − z−1, . . . , zn−1 − z−n+1∣∣ .
The (2.6) follows by the geometric series expansion of its right-hand side. 
Theorem 2.9. Let g = spo(2n|3) and p be the parabolic subalgebra obtained by
removing the simple roots δ1− δ2, . . . , δn−1− δn so that l = gl(1)
n−1⊕ spo(2|3). Let
λ =
∑n−1
i=1 λiδi be dominant integral. Then the Euler characters coincide with the
Jacobi-Trudi characters, that is, Ep(L0(λ)) = D(λ).
Proof. Denote by Dsp0 the Weyl denominator for sp(2n). We have
Ep(L0(λ))
=
D1
D0
∑
w∈W
(−1)l(w)w
(
eλ+ρ
(1 + e−δn+ǫ1)(1 + e−δn−ǫ1)(1 + e−δn)
)
=
D1
Dsp0 (e
ǫ1/2 − e−ǫ1/2)
∑
w∈Wsp
(−1)l(w)w
(
e
Pn
i=1(λi+n−i−
1
2
)δi(eǫ1/2 − e−ǫ1/2)
(1 + e−δn+ǫ1)(1 + e−δn−ǫ1)(1 + e−δn)
)
=
D1
Dsp0
∑
s∈Sn
(−1)l(s)s

∑
w∈Zn
2
w
(
e
Pn−1
i=1 (λi+n−i−
1
2
)δi−
1
2
δn
(1 + e−δn+ǫ1)(1 + e−δn−ǫ1)(1 + e−δn)
)

=
D1
Dsp0
∑
s∈Sn
(−1)l(s)s
(
n−1∏
i=1
(e(λi+n−i−
1
2
)δi − e−(λi+n−i−
1
2
)δi)
e
1
2 δn − e
− 1
2
δn
eδn + e
−δn + eǫ1 + e−ǫ1
)
.
Setting λi + n− i−
1
2
= µi, for i = 1, . . . , n− 1, ui = e
δi , and y = eǫ1, we get
Ep(L0(λ)) =
D1
Dsp0
∣∣∣∣∣uµ1 − u−µ1, . . . , uµn−1 − u−µn−1 , u
1
2 − u−
1
2
u+ u−1 + y + y−1
∣∣∣∣∣ . (2.7)
We write D1 = D
′
1 ·
∏
k(u
1
2
k + u
− 1
2
k ), where
D′1 = y
−nϕ0(−y) =
∏
k
(u
1
2
k y
1
2 + u
− 1
2
k y
− 1
2 )(u
1
2
k y
− 1
2 + u
− 1
2
k y
1
2 ). (2.8)
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It is convenient to set zn = −y and denote by [z
a1
1 . . . z
ak
k ]f the coefficient of
za11 · · · z
ak
k of f below. Noting that
1
uk + u
−1
k + y + y
−1
=
y
(1− ukzn)(1− u
−1
k zn)
and using (2.6), we rewrite (2.7) as
Ep(L0(λ)) = [z
µ1−
3
2
1 · · · z
µn−1−
3
2
n−1 ]
D1
Dsp0
∣∣∣∣∣ (1 + z
−1
i )(u
1
2
k − u
− 1
2
k )
(1− ukzi)(1− u
−1
k zi)
;
y(u
1
2
k − u
− 1
2
k )
(1− ukzn)(1− u
−1
k zn)
∣∣∣∣∣
= [z
µ1−
3
2
1 · · · z
µn−1−
3
2
n−1 ]
D′1
∏
(u
1
2
k + u
− 1
2
k )
Dsp0
×
y
∏
(u
1
2
k − u
− 1
2
k )
∏
(1 + zi)
−1
∣∣∣∣ 1(1− ukzi)(1− u−1k zi)
∣∣∣∣
= [z
µ1−
3
2
1 · · · z
µn−1−
3
2
n−1 ]
D′1
Dsp0
∏
(uk − u
−1
k )
y
∏
(z−1i − zi)
(y − y−1)
∏
(1− zi)
×∏n
i=1 z
n−1
i∏n
i=1 ϕ0(zi)
∣∣un−1 + u−n+1, . . . , 1∣∣ ∣∣1, z−1 + z, . . . , zn−1 + z−n+1∣∣
= [
n−1∏
i=1
zλi−i−1i ]
D′1
Dsp0
yn(−1)n−1∏n−1
i=1 (1− zi)(y − y
−1)ϕ0(−y)
∏n−1
i=1 ϕ0(zi)∣∣un − u−n, . . . , u− u−1∣∣ ∣∣z−1 − z, . . . , z−n − zn∣∣ ,
where (2.4) was used in the last equation. By (2.5), (2.8) and the Weyl denomi-
nator formula Dsp0 = |u
n − u−n, . . . , u− u−1| , we rewrite the above expression for
Ep(L0(λ)) as
= [
n−1∏
i=1
zλi−i−1i ]
(−1)n−1
(y − y−1)
∏n−1
i=1 ϕ(zi)(1− zi)
∣∣z−1 − z, . . . , z−n − zn∣∣
= [
n−1∏
i=1
zλi−i−1i ]
∏n−1
i=1 z
−2
i (1 + zi)(1 + yzi)(1 + y
−1zi)∏n−1
i=1 ϕ0(zi)(zi − z
−1
i )
∣∣z − z−1, . . . , zn−1 − z−n+1∣∣
= [
n−1∏
i=1
zλi−i+1i ]
ϕ1(zi)
ϕ0(zi)
∣∣z − z−1, . . . , zn−1 − z−n+1∣∣ ,
which coincides with the Jacobi-Trudi character D(λ) by (2.2). 
Remark 2.10. Let q be the parabolic with l = gl(1)n−1 ⊕ gl(1|1). Then one can
show similarly that Eq(L0(λ)) = 2Ep(L0(λ)).
Proposition 2.11. Assume n ≥ 2 and let g = spo(2n|3). Let p be the parabolic
subalgebra obtained by removing the simple roots δ1 − δ2, . . . , δn−1 − δn and let
λ =
∑n−1
i=1 λi be a dominant integral weight of spo(2n|3) with λn−1 > 0. Set
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λ˜ = λ+ δn. Then we have
Ep(L0(λ˜)) = K(λ˜) + Ep(L0(λ)).
(Note that λ˜ and λ have the same central character.)
Proof. We have
Ep(L0(λ˜))
=
D1
D0
∑
w∈W
(−1)l(w)w
(
eλ+ρ(eδn + e−δn + 1 + eǫ1 + e−ǫ1)
(1 + e−δn+ǫ1)(1 + e−δn−ǫ1)(1 + e−δn)
)
=
D1
Dsp0
∣∣∣∣∣uµ1 − u−µ1 , . . . , uµn−1 − u−µn−1 , (u 12 − u− 12 ) + u
1
2 − u−
1
2
u+ u−1 + y + y−1
∣∣∣∣∣ ,
where λ˜i + n− i−
1
2
= µi, for i = 1, . . . , n, ui = e
δi , and y = eǫ1. The last identity
above was derived in a way similar to (2.7). Thus by comparing with (2.7) we have
Ep(L0(λ˜)) = Ep(L0(λ)) +
∣∣∣uµ1 − u−µ1 , . . . , uµn−1 − u−µn−1 , (u 12 − u− 12 )∣∣∣ .
Now similarly to the derivation of (2.7), we can again show that
K(λ˜) =
D1
D0
∑
w∈W
(−1)l(w)w
(
eλ˜+ρ
)
=
∣∣∣uµ1 − u−µ1 , . . . , uµn−1 − u−µn−1 , (u 12 − u− 12 )∣∣∣ ,
which completes the proof. 
3. Tensors of g-modules
3.1. Exterior tensors of the natural module. Let ξj, ξ¯j, j = 1, . . . , n, be the
standard basis for C2n|0, and let xi, x¯i, x0, i = 1, . . . , m, be the standard basis for
C0|2m+1, so that Λ(C2n|2m+1) ∼= C[xi, x¯i, x0]⊗ Λ(ξj, ξ¯j). We consider the Laplacian
for spo(2n|2m+ 1)
∆ =
n∑
j=1
∂
∂ξj
∂
∂ξ¯j
−
m∑
i=1
∂
∂xi
∂
∂x¯i
−
1
2
∂2
∂x20
.
Dropping the last term in x0 gives us the Laplacian for spo(2n|2m).
Proposition 3.1. (i) Let g = spo(2|2m+1) with m ≥ 1, and let k ≥ 1. Then
the kernel of ∆ : Λk(C2|2m+1)→ Λk−2(C2|2m+1) as a g-module is irreducible
and isomorphic to Lδ1+(k−1)ǫ1.
(ii) Let g = spo(2n|3), with n ≥ 1, and let 1 ≤ k ≤ n − 1. Then the kernel of
∆ : Λk(C2n|3)→ Λk−2(C2n|3) as a g-module is irreducible.
(iii) Let n ≥ 2. The spo(2n|2n)-module ker
[
∆ : Λ2(C2n|2n)→ C
]
is not irre-
ducible. It contains a unique submodule which is the trivial module.
(iv) Let n ≥ 2. The spo(2n|2n)-module ker
[
∆ : Λk(C2n|2n)→ Λk−2(C2n|2n)
]
is
irreducible, for k = 3, 4.
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Proof. (i). The case of k = 1 is clear, so we may assume that k ≥ 2. We de-
compose Λk(C2|2m+1) as an sp(2)⊕ so(2m+ 1)-module. By a direct computation,
as a sp(2) ⊕ so(2m+ 1)-module, the kernel of ∆ in Λk(C2|2m+1) is a direct sum
of three irreducibles with respective highest weight vectors xk1, x
k−1
1 ξ1 and v :=
xk−21
(
(k +m− 3
2
)ξ1ξ¯1 −
∑m
i=1 xix¯i −
1
2
x20
)
, which have distinct weights. Among
these three vectors, only the weight of xk−11 ξ1 can be a finite-dimensional spo(2|2m+
1)-highest weight. From this it follows that the kernel of ∆ on Λk(C2|2m+1) is an
irreducible spo(2|2m+ 1)-module.
(ii). Under our assumption, the kernel of ∆ in Λk(C2n|3) is isomorphic to
D(λ) with λ = δ1 + . . . + δk by Lemma 2.7. Also by Theorem 2.9 and Re-
mark 2.4 we see that all composition factors of D(λ) lie in the same block. Suppose
on the contrary that D(λ) were not irreducible. As an sp(2n) ⊕ so(3)-module,
ker
[
∆ : Λk(C2n|3)→ Λk−2(C2n|3)
]
decomposes into a direct sum of the irreducibles
of highest weights of the form
∑k−j
i=1 δi+sǫ1, among which only weights of the form∑k−j
i=1 δi can possibly be finite-dimensional spo(2n|3)-highest weights by Proposi-
tion 2.1. Hence, D(λ) must have an spo(2n|3)-singular vector with weight
∑k−j
i=1 δi,
for j > 0. However, a calculation using Proposition 2.3 shows that
∑k−j
i=1 δi have
different central characters for distinct j, which is a contradiction.
(iii). One shows that as an sp(2n)⊕ so(2n)-module, ker∆ has x21, x1ξ1, ξ1ξ2, and
φ :=
∑n
i=1 ξiξ¯i −
∑n
i=1 xix¯i as a complete set of highest weight vectors. Among
the weights of these vectors only δ1 + δ2 and 0 are finite-dimensional spo(2n|2n)-
weights, which implies that ker∆ has at most two composition factors. However,
by a direct computation, φ is spo(2n|2n)-invariant (i.e. Cφ is a trivial module),
and thus ker∆/Cφ is irreducible.
(iv). First we write down explict formulas for
e0 = ξn
∂
∂x1
− x¯1
∂
∂ξ¯n
, f0 = x1
∂
∂ξn
+ ξ¯n
∂
∂x¯1
,
that are the odd simple positive and negative root vectors, respectively.
We will give a proof only in the most involved case of k = 4 and n ≥ 4. We
decompose ker∆ as an sp(2n) ⊕ so(2n)-modules and search among those highest
weights the ones that are finite-dimensional spo(2n|2n)-highest weights. The only
possibilities are
∑4
i=1 δi, δ1+ δ2, and 0, each appearing with multiplicity one. Now
it is not difficult to write down the corresponding sp(2n)⊕ so(2n)-highest weight
vectors of these weights, namely explicitly they are
ξ1ξ2ξ3ξ4, ξ1ξ2(φ1 −
n
n− 2
φ0), (φ1 − φ0)
2 +
1
n− 1
φ20.
Next we observe that the central character of
∑4
i=1 δi is different from that of δ1+δ2
(which is the same as that of 0). Thus if ker∆ were not irreducible, then among
those three vectors at least two would be killed by e0. Applying e0 to these vectors
we find that only ξ1ξ2ξ3ξ4 is killed by e0. This concludes the proof. 
Remark 3.2. Using a similar argument as the one in the proof of Proposition 3.1 (iv)
one can show that ker
[
∆ : Λn(C2n|3)→ Λn−2(C2n|3)
]
is irreducible over spo(2n|3).
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Also Proposition 3.1 (iii) shows that the Jacobi-Trudi character is in general not
irreducible.
3.2. A tensor product decomposition.
Proposition 3.3. Let g = spo(2|2m + 1), and let k ≥ 2. Then, the following
g-module decompositions hold:
Lδ1+(k−1)ǫ1 ⊗ C
2|2m+1 ∼= L2δ1+(k−1)ǫ1 ⊕ Lδ1+kǫ1 ⊕ Lδ1+(k−2)ǫ1
C
2|2m+1 ⊗ C2|2m+1 ∼= L2δ1 ⊕ Lδ1+ǫ1 ⊕ C.
Proof. We will first consider the tensor product Lδ1+(k−1)ǫ1 ⊗ C
2|2m+1. It follows
from the proof of Proposition 3.1 (i) that, as a g0¯ = sp(2) ⊕ so(2m + 1)-module,
L(δ1+(k−1)ǫ1) (which is identified with the kernel of ∆ on Λ
k(C2|2m+1)) is a direct
sum of three irreducible modules with highest weight vectors v, xk1 and x
k−1
1 ξ1. One
then check by an elementary but tedious calculation that L(δ1+(k−1)ǫ1)⊗C
2|2m+1
as a g0¯-module is a direct sum of 13 irreducible modules with respective highest
weight vectors given as follows:
xk1 ⊗ x1, x
k−1
1 (x1 ⊗ x2 − x2 ⊗ x1) ,
xk−11
(
x0 ⊗ x0 +
m∑
i=1
(xi ⊗ x¯i + x¯i ⊗ xi)
)
−
k − 1
k +m− 3
2
xk−21 (
1
2
x20 +
m∑
i=1
xix¯i)⊗ x1,
xk1 ⊗ ξ, x
k−1
1 ξ ⊗ x1, x
k−2
1 ξ (x1 ⊗ x2 − x2 ⊗ x2) ,
γ0 := ξx
k−2
1
(
x0 ⊗ x0 +
m∑
i=1
(xi ⊗ x¯i + x¯i ⊗ xi)
)
−
k − 2
k +m− 5
2
ξxk−31
(
1
2
x20 +
m∑
i=1
xix¯i
)
⊗ x1,
xk−11 ξ ⊗ ξ, x
k−1
1 (ξ ⊗ ξ¯ − ξ¯ ⊗ ξ), ψ0x
k−2
1 ⊗ x1, ψ0x
k−3
1 (x1 ⊗ x2 − x2 ⊗ x1),
ψ0
(
xk−31 (x0 ⊗ x0 +
m∑
i=1
xi ⊗ x¯i + x¯i ⊗ xi)−
k − 3
k +m− 7
2
xk−41 (
1
2
x20 +
m∑
i=1
xix¯i)⊗ x1
)
,
ψ0x
k−2
1 ⊗ ξ,
where ψ0 = (k + n−
3
2
)ξ1ξ¯1 −
∑m
i=1 xix¯i −
1
2
x20.
We observe that among the weights of these vectors only five of them can possibly
be finite-dimensional spo(2|2m+ 1)-highest weights, namely 2δ1 + (k − 1)ǫ1, δ1 +
kǫ1, and δ1 + (k − 2)ǫ1, where the first appears with multiplicity one and the
latter two each appears with multiplicity two. Note that these three weights give
rise to distinct central characters and hence the tensor product must be complete
reducible, with each irreducible component generated by a singular vector. Now
both e0.γ0 and e0.(x
k−2
1 ψ0 ⊗ ξ) are nonzero and proportional to each other. Thus
there is exactly one spo(2|2m+1)-highest weight vector of highest weight δ1+(k−
2)ǫ1. Furthermore, both e0.x
k
1 ⊗ ξ and e0.x
k−1
1 ξ ⊗ x1 are nonzero and proportional
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to each other, and hence there is exactly one spo(2|2m+ 1)-highest weight vector
of highest weight δ1+kǫ1. Clearly L(2δ1+(k−1)ǫ1) appears in the tensor product
decomposition with multiplicity one as 2δ1+(k−1)ǫ1 is the unique highest weight
of multiplicity one. This proves the first identity.
The decomposition for C2|2m+1⊗C2|2m+1 can be proved in the same way. Indeed
here the situation is simpler, since as an g0¯-module C
2|2m+1 ⊗ C2|2m+1 is a direct
sum of only eight irreducibles. We skip the details. 
Remark 3.4. Let g = spo(4|5). We can show similarly as for Proposition 3.3 that
[Lδ1+δ2 ⊗ C
4|5] = [L2δ1+δ2 + Lδ1 ]⊕ [Lδ1+δ2+ǫ1]⊕ [Lδ1 ],
where [L2δ1+δ2 + Lδ1 ] denotes a non-trivial extension of modules.
4. Examples and a conjecture
4.1. Examples of spo(2|3). Throughout this Section 4.1, we let g = spo(2|3). For
λ = aδ1 + bǫ1 write L(a|b) = L(λ), K(a|b) = K(λ), and E
p(a|b) = Ep(L0(λ)). The
complete list of atypical weights are: λ = aδ1 + bǫ1, where (a|b) = (ℓ|ℓ − 1) for
ℓ ≥ 1, or (0|0). If λ is typical, then the character of L(λ) is equal to K(λ). On
the other hand, the character of L(ℓ|ℓ− 1) was computed in [Ger] (also see [Gru]).
In particular, dimL(ℓ|ℓ − 1) = 2(4ℓ2 − 1) for ℓ ≥ 2, and dimL(1|0) = 5. All the
examples in this section are computed from the definitions and the formulas of
these irreducible characters. We skip the details.
4.1.1. “Composition factors” of the Euler characters. By abuse of notation, we
will regard the Euler characters and the Kac virtual characters as elements in the
Grothendieck group of the finite-dimensional g-modules. We shall denote by [L(λ)]
the element in the Grothendieck group corresponding to the module L(λ).
Example 4.1. Consider the maximal parabolic subalgebra p of spo(2|3) obtained
by removing the simple root ǫ1 so that l = gl(1|1). If λ is typical, then E
p(λ) =
K(λ) = [L(λ)]. For atypical weights, the following identities of characters hold:
Ep(ℓ+ 1|ℓ) = K(ℓ+ 1|ℓ) = [L(ℓ + 1|ℓ)] + [L(ℓ|ℓ− 1)], ℓ ≥ 2,
Ep(2|1) = K(2|1) = [L(2|1)] + [L(1|0)] + [L(0|0)],
Ep(1|0) = K(1|0) = [L(1|0)]− [L(0|0)],
Ep(0|0) = 2[L(0|0)].
Example 4.2. Consider spo(2|3) with p obtained by removing the simple root
δ1 − ǫ1 so that l ∼= gl(1) ⊕ so(3). For atypical weights, the following identities of
characters hold:
Ep(ℓ+ 1|ℓ) = K(ℓ+ 1|ℓ) = [L(ℓ + 1|ℓ)] + [L(ℓ|ℓ− 1)], ℓ ≥ 2,
Ep(2|1) = K(2|1) = [L(2|1)] + [L(1|0)] + [L(0|0)],
Ep(1|0) = K(1|0) = [L(1|0)]− [L(0|0)],
Ep(0|0) = K(0|0) = [L(0|0)]− [L(1|0)].
These identities also follow from [Ger, Lemma 2.2.1] and our Remark 2.4.
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4.1.2. Some virtual dimension formulas. Since each virtual characterD(λ) orK(λ)
can be written as the difference of two honest characters, there is a well-defined
notion of virtual dimension, vdim, of these virtual characters as the difference of
the degrees of the two honest characters.
Example 4.3. The following virtual dimension formulas hold:
(1) vdimK(λ) = 2|∆
+
1
|
∏
α∈∆+
0
(α,λ+ρ)
(α,λ+ρ0)
.
(2) vdimK(1|0) = 4.
(3) vdimK(0|0) = −4.
(4) vdimK(ℓ|ℓ− 1) = 4(2ℓ− 1)2 = dimL(ℓ|ℓ− 1) + dimL(ℓ− 1|ℓ− 2), ℓ ≥ 3.
(5) vdimD(ℓ|ℓ− 1) = vdimK(ℓ|ℓ− 1)− (−1)ℓ, ℓ ≥ 3.
(6) vdimD(2|1) = 35 = dimL(2|1) + dimL(1|0).
(7) vdimD(1|0) = dimL(1|0); actually, D(1|0) = L(1|0).
(8) vdimD(1|k − 1) = dimL(1|k − 1), for k ≥ 1.
4.1.3. Tensor products of the simples with the natural module. Below we give ex-
plicit formulas for L(a|b) ⊗ L(1|0), where we recall L(1|0) = C2|3, the natural
spo(2|3)-module.
Example 4.4. (1) λ = (a|b) atypical.
[L(1|0)⊗ L(1|0)] = [L(2|0)] + [L(1|1)] + [L(0|0)],
[L(l|l − 1)⊗ L(1|0)] = [L(l + 1|l − 1)] + [L(l|l)] + [L(l|l − 1)], l ≥ 2.
(2) λ = (a|b) typical with 0 ≤ b ≤ 1 or 0 ≤ a ≤ 1.
[L(2|0)⊗ L(1|0)] = [L(3|0)] + [L(2|1)] + 2[L(1|0)],
[L(l|0)⊗ L(1|0)] = [L(l + 1|0)] + [L(l|1)] + [L(l − 1|0)], l ≥ 3.
[L(1|1)⊗ L(1|0)] = [L(2|1)] + [L(1|2)] + 2[L(1|0)],
[L(3|1)⊗ L(1|0)] = [L(4|1)] + [L(3|1)] + [L(3|0)]
+ [L(3|2)] + 2[L(2|1)] + 2[L(1|0)],
[L(l|1)⊗ L(1|0)] = [L(l|1)] + [L(l + 1|1)]
+ [L(l − 1|1)] + [L(l|2)] + [L(l|0)], l ≥ 4.
[L(1|l)⊗ L(1|0)] = [L(2|l)] + [L(1|l + 1)] + [L(1|l − 1)], l ≥ 2.
(3) λ = (l|l) typical with l ≥ 2.
[L(2|2)⊗ L(1|0)] = [L(3|2)] + 2[L(2|1)] + [L(2|2)]
+ [L(1|2)] + [L(2|3)] + [L(1|0)] + [L(0|0)].
[L(l|l)⊗ L(1|0)] = [L(l + 1|l)] + 2[L(l|l − 1)] + [L(l|l)]
+ [L(l − 1|l)] + [L(l|l + 1)] + [L(l − 1|l− 2)].
(4) λ = (l + 2|l) typical with l ≥ 0.
[L(l + 2|l)⊗ L(1|0)] = [L(l + 3|l)] + 2[L(l + 1|l)] + [L(l + 2|l)]
+ [L(l|l − 1)] + [L(l + 2|l + 1)] + [L(l + 2|l − 1)].
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(5) λ = (a|b) typical and a, b ≥ 2, a 6= b+ 2, a 6= b.
[L(a|b)⊗ L(1|0)] = [L(a + 1|b)] + [L(a|b)] + [L(a− 1|b)]
+ [L(a|b+ 1)] + [L(a|b− 1)].
4.2. A conjecture. It is known that the parametrization set of highest weights of
the irreducible polynomial representations of gl(n|m) (Sergeev [Sv1]) is the same as
that of the finite-dimensional simple g = spo(2n|2m+1)-modules (see Remark 2.2).
Conjecture 4.5. Consider the maximal parabolic subalgebra p of g = spo(2n|2m+1)
obtained by removing the simple root ǫm so that l = gl(n|m). Then
(1) The Ep(L0(λ♯)), with λ running over all partitions with λn+1 ≤ m, form
a basis for the complexified Grothendieck group of the category of finite-
dimensional g-modules.
(2) When λ is “not close” to the zero weight, then the composition factors
for the Euler character Ep(L0(λ♯)) is the same as that for the Kac module
K(λ♯) for gl(n|m).
The comparison of Example 4.1 with some well-known facts for gl(1|1) shows
that the Conjecture is true for spo(2|3).
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